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' Abstract. The goal of this paper is to classify the unitary irreducible modules in category Oc 

OA , for the rational Cherednik algebras of type G{r, 1, n). As a first step, we classify those irreducibles 

(~| ' in Oc that are diagonalizable with respect to a commutative subalgebra introduced by Dunkl and 

^ I Opdam. As a byproduct, we obtain combinatorial character formulas for many irreducible modules 

in category Oc, in terms of certain column-strict tableaux. 

in 

f— ( ' 1. Introduction 

, 1.1. The goal of this paper is to obtain the classification of irreducible unitary modules in category 
' Oc for the rational Cherednik algebras of type G(r, l,n). The strategy is that of the appendix to 
. [EtSt] , The tactics are somewhat different, and the answer is quite a bit more complicated. The 
problem was posed by Cherednik, who also asked whether the socle of the polynomial representation 
is unitary for certain special parameters. The latter question was recently resolved by Feigin and 
Shramov in [FeShj . 

J> ' The Cherednik algebra He contains a commutative subalgebra t that acts by locally finite, normal, 

■ and hence diagonalizable, operators on any unitary representation in category Oc- Therefore a 
I first step towards the classification of irreducible unitary modules in Oc is the classification of the 
lO ' irreducible modules in Oc on which t acts by diagonalizable operators (A. Ram [Ramj uses the word 
. calibrated for the analog of this type of module for the affine Hecke algebra) . Once we have achieved 
I this classification (Theorem 12. ip . the classification of unitary modules (Theorem I2.4p is obtained 
by Cherednik's technique of intertwining operators. For certain special examples associated to the 
groups W = G(2, l,n) we can be fairly explicit, it seems that a direct description of the unitary 
irreducibles in Oc in general is unavoidably complicated. 
^ . In the appendix to |EtStj we had the advantage that the first part (classification of diagonalizable 

modules) had been previously carried out by Cherednik and Suzuki for the trigonometric DAHA, 
and the corresponding classification for the rational DAHA relied on an embedding of the latter 
into the former. Unfortunately, we have no such embedding for complex reflection groups (nor even 
a definition of the trigonometric DAHA). So to obtain the classification of diagonalizable modules 
we work directly with the rational DAHA, making use of a presentation adapted to the technique 
of intertwining operators. Once this is done there are necessary and sufficient numerical criteria 
that the eigenvalues of a diagonalizable module must satisfy in order that it be unitary. 

T. Suzuki remarks that in the type A case, the unitary modules correspond to integrable modules 
and the diagonalizable modules correspond to the admissible modules of Kac and Wakimoto via the 
Arakawa-Suzuki functor. We do not know the analogs of this coincidence for the groups G{r,p,n), 
though it should be interesting to compare our results with those of Varagnolo and Vasserot, [VaVa] . 

We remark that the version of Clifford theory that appears in the last section of |Gri2j allows one 
to deduce analogous results for the groups G{r,p,n) when n > 2. This paper therefore completes 
the classification of unitary modules in category Oc for the Cherednik algebras attached to classical 
Weyl groups. 



I am especially indebted to Arun Ram for teaching me the techniques employed in this paper, and to Ivan 
Cherednik, from whose papers I have learned a great deal. I thank Emanuel Stoica for useful suggestions which have 
improved the paper. 
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Finally, P. Etingof conjectures that the restrictions of unitary modules (resp., diagonalizable) 
modules remain unitary (resp., diagonalizable). Our results support this conjecture. 



2. Statement of results 

2.1. Let y be a complex vector space of dimension n and let W C GL(y) be a finite group of 
linear transformations of V. The set of reflections (sometimes called pseudo-reflections or complex 
reflections) in W is 

T = {s £W \ dim(flx(s)) = n - 1}. 
The group W is a reflection group if it is generated by T. 



2.2. For each reflection s G T let Cs be a formal variable such that c^g^-i = Cg for all s G T and 
w G W, and choose Og G V* such that the zero set of Og is the fix space of s. Let R = C[cg]gQT 
be the ring of polynomials generated by these variables (thus -R is a polynomial ring in a set of 
variables corresponding to the conjugacy classes of reflections). Write R[V] = R (55c C[V] for the 
ring of polynomial functions on V with coefficients in R. For each y V define a Dunkl operator 
on R[V] by 

(2.1) y{f) = dy{f)-Y,Cg{ag,y)^-^^ for / G 

where dy is the partial derivative of / in the direction y and (•, ■) is the natural pairing between V* 
and V. Each g G R[V] defines a multiplication operator / i— > on and the rational Cherednik 

algebra H = H{W, V) determined by these data is the subalgebra of Endij(i?[y]) generated by W, 
R[V], and the Dunkl operators y £V. 

It follows from, for example, [Grilj Theorem 2.1 that these operators satisfy the relations 

(2.2) wyw^^ = w{y) wxw^^ = w{x) for w G W , x G V* , and y G F, 



(2.3) yg-gy = dy{g)-Y,Cg{ag,y f '^^K for y e V and g e R[V] 



and 

(2.4) yiy2 = y2yi for ah yi,y2 € V- 

In fact H is generated by R[V], W, and subject to (j2.2p and the special case of ()2.3p in 

which g €zV* is linear, in which case it may be written as 

(2.5) yx-xy = {x,y) - '^Cs{as,y){x,a^)s 

where x — s{x) = (x,a^)as determines G V. 
The multiplication map induces an isomorphism 

(2.6) R[V] ^RW® R[V*] H 
called the triangular decomposition of H. 
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2.3. Let {S'^ I A € A} be the set of irreducible representations of CW, where A is an index set. 
To avoid a profusion of subscripts, we abuse notation and write also for its extension to RW. 
Write R[V*] xi W for the subalgebra of H generated by the Dunkl operators y (zV and the group 
W. The standard module corresponding to A € A is 

(2.7) A(A)=Indf[^.,],^^(5^) 

where the xi 14^-module structure on S'^ is determined by yS^ = for all y ^ V. Thanks to 

the triangular decomposition (j2.6p there is an isomorphism of R[V] xi VF-modules 

(2.8) R[V] <S)R ^ A(A) 

and via this isomorphism the Dunkl operators act according to the formula 

(2.9) y{f^v) = dy{f)^v-Ycs{as,y)^^^0s{v) for y £ V , f £ R[V], and v e S\ 

2.4. There is a reparametrization that simplifies many calculations (in particular, the eigenvalues 
of the monodromy of the connections corresponding to the standard modules). Let A be the set 
of hyperplanes H in V of the form H = fix(s) for some s € T. For each H £ A choose ajj & V* 
with H equal to the zero set of an- The subgroup Wh = {w G W \ w{v) = v if v G H} is a cyclic 
subgroup, and we write for its character group. Let tih = \Wh\ be the size of Wh and for 
X&W^ let 

eH,x = — yZ X{w'^)w G CWh 

w^Wh 

be the corresponding primitive idempotent. Define ch,x by 

CH,xnH= Y c.(l-x(s))- 

In particular CH,tnv = 0, and R may be viewed as a polynomial ring in the variables ch,x (modulo 
the relations ch,x = CwH,wxw-^ for w G W). Using the relation 

w= Y, xiw)eH,x for G Wh, 
the formula for Dunkl operators becomes 

yif) = dyif) - Yj Yl CH,xnHeH,x, 

which is, up to a sign, the formula in |DuOp| , equation (5). 

For each G ^ fix an eigenvector otjj ^ H for Wh ■ In terms of the parameters ch,x the relation 
(1231) is 



(2.10) yx-xy= (x, y) - — j- — -yr — 2^ {cH,x<^det-^ - CH,x>HeH,x 

2.5. Fix a positive definite Hermitian inner product (•, •) on and mutually inverse VF-equivariant 
conjugate linear isomorphisms V ^ V* and V* — >■ V, written y ^ y* and x ^ x* . Then (•, •) has 
a unique extension, also denoted (•, •), to A(A) determined by the following rules: 

(a) (•, •) is bi-additive, i?-linear in the second variable, and i?-conjugate linear in the first variable 
with respect to the extension of complex conjugation to R that fixes the variables ch xi 

(b) (x/, g) = if, x*g) for all xeV* and /, 5 G A(A). 



4 



STEPHEN GRIFFETH 



2.6. We will consider two types of extensions of scalars: first, writing F for the fraction field of R, 
we write Hp = F H for the generic Cherednik algebra, and similarly Ai?(A) = F A(A) and 
(•, ■)p for the F-conjugate linear extension of (•, •) to Ai?(A). Second, given a specialization i? — )■ C 
of the variables Cs (or ch,x) fo complex numbers, we will write He = C^jiH and Ac(A) = C^r A(A) 
for the corresponding specializations. We think of the symbol c as standing for this specialization, or 
equivalently, for a set of complex numbers indexed by conjugacy classes of reflections (or conjugacy 
classes of characters of rank one parabolic subgroups). In case the specialization is such that 
the variables ch,x ^^e all real, the contravariant form also specializes and we write {■,-)c for its 
specialization. 

2.7. Suppose that we have specialized the variables to complex numbers c. Category Oc is the 
subcategory of the category i^c— mod of finitely generated He-modules on which each Dunkl oper- 
ator y (zV acts locally nilpotently. Thanks to (|2.9p each standard module Ac(A) is in Oc- In fact, 
the quotient Lc(A) of the standard module Ac (A) by its radical is simple and this gives a complete 
list of inequivalent irreducible objects in Oc- Furthermore, the radical of Ac (A) coincides with the 
radical of the form (•, •)c- Therefore the contravariant form descends to a non-degenerate form on 
Lc(A), and Cherednik has posed the problem of deciding when this form is positive definite. 

2.8. From now on, we will assume that is a monomial group. The precise definitions follow. 
Fix positive integers r and n. Let W = G{r, l,n) be the group of n by n matrices such that the 
entries are either or a power of g^'^^^^/'^, and there is exactly one non-zero entry in each row and 
each column. Then TV is a group of matrices acting on V = C", and we write yi, . . . ,y„ for the 
standard basis of V. 

There are two VF-orbits of reflecting hyperplanes: writing xi,. . . ,Xn for the standard basis of 
V*, there those of the form Xi = (for which nu = r) and those of the form Xi = C}xj (for 
which uh = 2). Write Sij for the permutation matrix interchanging i and j and fixing all other 
coordinates, and Q for the matrix that multiplies the ith coordinate by C = e^'^^'^"^/'" and fixes all 
other coordinates. We will write Cjj = ^ ^[=o C~'"'Ci) ^iid leave the other idempotents unnamed. 

2.9. In the case W = G(r, l,n) the relations for the rational Cherednik algebra may be written 
in the following extremely explicit form. Let cq and di, . . . E C be variables and let R = 
C[co,(ii, . . . ,dj._i\. The Cherednik algebra H for W is generated by the algebras . . . , 

. . . , and RW , subject to the relations wfw~^ = w{f) for / G . . . , y„] or / € 

R[xi, - - - , Xn] and w E W, 

■r-1 

(2.11) yiXi = Xiyt - cq ^ ChijCr^ - "^(.di - di-i)eii 

l<j^i<n 1=0 
0<l<r-l 

for 1 < i < n, and 

r-1 

(2.12) yiXj = xjyi + cq ^ C'd^C' 

1=0 

for 1 < i j < n. To define di for all I G Z we specify do by the relation do + di + ■ ■ ■ + dr-i = 
and impose di = dj if i = j mod r. This fixes the precise relation between these parameters and 
the preceding ch,x (though we do not write it explicitly here). Whenever we make use of the 
contravariant form, we will assume the parameters cq and di are all real. 

2.10. A partition A = Ai > A2 > ■ ■ ■ is a weakly decreasing sequence of integers such that A„ = 
for n large enough. Given a positive integer r, an r-partition is a sequence A* = (A*^, A^, . . . , A*""^) 
of r partitions. The size of an r-partition A* is the sum |A*| = j A*-, and an r-partition of n is an 
r-partition A* with |A*| = n. We picture partitions and r-partitions as Young diagrams: collections 
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of boxes stacked in a corner, as in p.l3p (but without the numbers). A tableau on an r-partition 
A* is a function T from the boxes of A* to the integers. A standard tableau on an r-partition A* 
of rz is a bijection from the boxes of A* to {1, 2, . . . , n} such that the enties in each A* are strictly 
increasing left to right and top to bottom. An example of a standard tableau on the 2-partition 
A* = ((3, 2), (2, 2)) of 9 is 



(2.13) 



2 


4 


6 


CO 


9 





1 


5 


7 


8 



Given a box 6 € A*, define /3(6) = / if 6 € A' and ct(6) = j — i if 6 is in the ith row and jth 
column of A'. For the example (j2.13p we have (3{T~^{5)) = 1 and ct(r~^(5)) = 1. 



2.11. Let W = G{r, l,n). The Jucys-Murphy elements of the group algebra CW are 

(2.14) cf>i= ^ Cls^jC"^ for 1 < i < n. 

i<j<i 

0<Kr-l 

Together with the elements Q of W they generate a subalgebra of CW that acts diagonalizably 
on every 14/^-module. There is a bijection A* t— S^' from the set of r-partitions of n to the set of 
irreducible VF- modules such that S^' has a basis vt indexed by standard Young tableaux T on A*, 
and Vt is determined up to scalars by the equations 

(2.15) (t>iVT = rct{T-^{i))vT and Qvt = (^^'^"^'^''^^vt for 1 < i < n. 

We fix a PF-invariant positive definite Hermitian form on each S'^' and assume that the norm of vt 
with respect to this form is 1. For the groups G{2, l,n), it seems these versions of Jucys-Murphy 
elements were first written down in |Che2| . 

2.12. As in |DuUp| Definition 3.7, we put 

(2.16) Zi = UiXi + co</)i for 1 < i < n. 

Together with the elements Q they generate a commutative algebra t of H^., and Theorem 5.1 of 
|Gri2] states that t acts on each standard module Ac (A*) in an upper-triangular fashion. 

2.13. We define a partial order on the boxes of A* by: 6 < 6' if T{b) < T[b') for all standard Young 
tableaux T on A*. Thus 6 < 6' if and only if /3(6) = /3(6') and h is (weakly) up and to the left of 6'. 

We write F = F(A*) for the set of pairs {P,Q) of tableaux on A* such that P is a bijection from 
the boxes of A* to the set {1,2, . . . ,n}, Q is a filling of the boxes of A* by non-negative integers 
such that if 6 < 6' then Q{b) < Q{b'), with Q{b) = Q{b') implying P{b) > P{b'). Then Theorem 
5.1 of |Gri2] implies that there is a t-eigenbasis fp^q of A(A*) such that 

Up,q = C^^^-^^Vp.q 

and 

Zifp,Q = {Q{P~^{i)) + 1 - (d/3(p-i(i)) - d^(p-i(i))-Q(P-i(i))-i) ~ ^Ct(P"^(«))co)/p,Q. 

The indexing here is related to that in the paper [Gri2] as follows: for a pair (^u, T) consisting of a 
standard Young tableau T on A* and /i G ^>o) be the longest element of 5„ such that 

w^{fj.) is non-decreasing and define P = w~^T and Q{b) = fJ-p(^b)- Note that we used an unorthodox 
convention for standard Young tableaux in |Gri2j . regarding them as functions from {1,2, . . . ,n} 
to the boxes of A* (we have now come to our senses). This gives a bijection from the set of pairs 
{fi, T) as above to F. 
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2.14. Our first main result is the classification and description of the modules Lc(A*) that are 
t-diagonalizable. For each box 6 G A, define statistics c(6), kc{b) and lc{b) as follows: 

(2.17) c(5) = (i^(fe) + rct(6)co, 

kc{b) is the smallest positive integer k such that there is a box b' G A^*^^^~^ with 

k = c{b) - c{b'), 

(and kc{b) = oo if no such equation holds) and lc{b) is the smallest positive integer / such that there 
is an outside addable box b' for A'^^''^"' with 

/ = c{b) - c{b') 

(and lc{b) = oo if no such equation holds). Recall that a box b is addable to a partition A if 6 ^ A 
and adding 6 to A produces the diagram of a partition. An outside addable box is an addable box 
b such that ct(6) ^ ct{b') for all b' G A. The statistic c(6) may be thought of as a sort of "charged 
content" of the box b. 

We define a subset Fc C T as follows: a pair (P, Q) G F is in Fc if and only if the following 
conditions hold: 

(a) whenever 6 G A* and k G Z>o with k = dpg,^ — + rct(6)co we have Q{b) < k, and 

(b) whenever 61,62 S A* and k G Z>o with /3(6i) — /3(62) = k mod r and k = dj^^p^-^ — ^^(^2) + 
r(ct(6i) — ct(62) i l)co we have Q{bi) < (5(62) + k, with equality implying P(bi) > P{b2)- 

Theorem 2.1. The module Lc{\*) is diagonalizable if and only if either 

(a) cq = or 

(b) Co 7^ and for every removable box b G A*, either kc{b) = 00 or the inequality lc{b) < kc{b) 
holds. 

In case (b), as basis of Lc{X*) is given by the set {/(p,q) | {P,Q) G Fc} of non- symmetric Specht- 
valued Jack polynomials. 

The modules Ac(A*) are graded by polynomial degree, and the modules Lc{\*) are graded 
quotients (thanks to the deformed Euler operator from |DuOp| ), on which W acts preserving the 
degree. Writing Lf (A*) for the degree d piece of Lc(A*), we define the graded character 

00 

char(Lc(A')^,g) = ^ dimc(Lf (A*)'^)?'^. 

d=0 

By using Theorem 2.1 of [DuGr| . we obtain the following corollary, where we define a column-strict 
tableau on A* to be a filling of its boxes by non-negative integers in such a way that within each 
component A*, the entries are weakly increasing left to right, and strictly increasing top to bottom. 

Corollary 2.2. // cq / and Lc{X*) is diagonalizable, then the graded character of Lc{X*)^ is 

given by the formula 

CO 

char(L,(A*)^,g) = J]a,g^ 

d=0 

where Od is the number of column-strict tableaux Q on A* such that Q(b) = f3{b) mod r for all boxes 
b of X, the sum 

and for each positive integer I the following conditions hold: 

(a) we have Q{b) < I whenever b €z X^ and the equation di — di-i + rct(6)co = I holds, and 
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(b) we have Q{hi) — Q{h2) <l whenever 61 € A*, 62 G A*~', and one of the equations 

di - di_i + r(ct(6i) - ct(62) ± 1)cq = I 

holds. 

Writing e = -pj^ SiueVF ^ symmetrizing idempotent, if the parameter c is not on one of 

the hyperplanes specified by Theorem 3.4 of jPuGr] . then the functor M 1— > eM = from He 
modules to e-ffc^- modules is an equivalence, and the module Lc(A*) is finite dimensional if and only 
if Lc(A*)^ is. 

2.15. Our second main result is the classification of the modules Lc(A*) that are unitary. First we 
deal with the case cq = 0. Let ruij be the integer determined by ruij = i — j mod r and 1 < m^- < r. 
The following proposition is an immediate consequence of the norm formula for the Specht- valued 
Jack polynomials, Theorem 6.1 of [Gri2]. 

Proposition 2.3. // cq = then Lc{X*) is unitary if and only if for each i such that A* 7^ 0, the 
following condition holds: for each < j < r — 1 with di — dj > ruij there is some k with ruik < mij 
and di — dk = ruik- 

Let c = (co, di, . . . , dr) be a parameter, and let c' = (— cq, di, . . . , dr). The maps 

X X, y 1-^ y, Sij I— )• —Sij, and Ci ^ Ci iorx£V*,y&V,l<i<j<n and 1 < Z < n 

extend to an isomorphism of He onto H^' by which the module Lc(A'^, A^, . . . , A^~^) corresponds 
to Lc/((A°)', (A^)', . . . , (A''~i)'), where A' is the transpose of A. Therefore we may assume cq > 
without loss of generality. 

Let & € A* and let j be an integer with < j < r — 1. A preblocking sequence for {b,j) is a 
sequence B = {bo, bi, . . . , b2q+i, I) of boxes bk £ A* and an integer < Z < r — 1 such that 

(a) bo = b, 

(b) for < A; < g, b2k < &2fc+i, and 

(c) for 1 < A; < the numbers fni^p^ij^^^') are strictly increasing, and rrii^f^f^i,^^^ < mn < ruij unless 
q = 0. 

If we picture the r-partition A* as a cycle or necklace of partitions, with A* positioned at the top, and 
with the partitions A*~^, A*~^, . . . , A*"*"^ appearing in sequence in the counterclockwise direction from 
A*, then condition (c) is equivalent to the boxes 62fc for k = 1,2, ... ,q appearing in counterclockwise 
sequence strictly between A* and A-', and / appearing strictly after the last of the these and weakly 
before A-'. It is also equivalent to the inequality 

1 

"i/3(b2,+i),i +^m^(62fe-i),/3(62fc) ^ ^ij- 
k=l 

A preblocking sequence for {b,j) is a blocking sequence if 

dpib2,+^) -di + rct(62g+i)co = 

and for each 1 < k < q, 

^/3(f'2fc-i) - dp(b2k) + rict{b2k-l) - Ct(62fe) ± l)co = "^^(62fc-l),/3(62fc)• 

A preblocking sequence for a pair (6, b') of boxes of A* is either a preblocking sequence for b and 
P{b') (as defined above), or a sequence B = (bo, 61, ... , &2(j+i) satisfying (a) and (b) above, with (c) 
replaced by 

(d) b2q+i = b' , and for 1 < fc < g the numbers fni^p(b2k) strictly increasing. 
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Picturing A* as a cycle of partitions as above, this condition means the boxes b2k appear in strict 
counterclockwise order between A* and A-'. 

A preblocking sequence for (6,6') is a blocking sequence if it is one for (6, /9(6')), or it is of the 
form B = {bo, • • • , 62^+1) and for each 1 < k < q 

dp(b2k-i) - Mb2k) + ''(Ct(62fc-l) - Ct(62fc) ± l)co = m^{62,_i),/3(fe2fc)- 

Theorem 2.4. Suppose cq > 0. The module Lc{\*) is unitary if and only if the following conditions 
are satisfied: 

(a) it is diagonalizable (see Theorem \2. 

(b) for every pair b,b' G A* of boxes such that 

dm - dp{b') + ''(ct(6) - ct(6') + l)co > m^(b)^^(fe/) > dp(p) - dpij,,) + r(ct(6) - ct(6') - l)co 

there is a blocking sequence, and 

(c) for every box 6 € A* and < j < r — 1 such that 

dm - dj + rct(6)co > 
there is a blocking sequence. 

The theorem exhibits the set of parameters c for which the module Lc(A*) is unitary as a 
(in practice, quite complicated) semi-linear subset of the parameter space. We are somewhat 
disappointed with the answer: in examples, and in fact already for r = 2 and A = (A'^,A^) with 
both components non-empty, it is quite tedious to draw the unitary set. It is a closed semi-linear 
subset of the plane, but we have not found an expression for it much simpler than the one given 
by the previous theorem. 

2.16. For r = 1 the theorems have as corollaries the results of Cherednik |Chel| and Suzuki 
|Suz| classifying the diagonalizable irreducible modules, and one of the results of [EtStj . classifying 
unitary modules for the Cherednik algebra of the symmetric group. In this case, the parameter is 
a number c, and given a partition A we let 61 be the removable box of A with largest content a. 
Then, if 6 

— Cmin is the Smallest number which is the content of a box of A, it is a consequence of 
Theorem 1 2 . II that for c > 0, the module Lc{X) is diagonalizable exactly if c is not a positive rational 
number with denominator at most a — b: if so, kc(b) = lc{b) < 00, and if not kc{b) = 00. For c < 
replace A by its transpose. 

2.17. For r = 2 our results can be made simpler in some special cases: we will assume A* = (A, 0) 
where A is a partition of n. The results that follow are not difficult to deduce from Theorems 12.11 
and [221 

Corollary 2.5. Assume cq > 0. If X* = (A,0), we write Cnim for the minimal content of a box of 
A, and we write 61 for the removable box of X of maximal content ci, then Lc{X*) is diagonalizable 
if and only if 

(a) Co is not a rational number of denominator at most ci — Cmin; or 

(b) Cq = k/l for coprime positive integers k and I such that I < ci — Cmin; there is no removable 
box 62 in X of content C2 satisfying I < C2 — Cmin; <ind an equation of the form 

dQ — di + 2ct(6i)co = m 

holds for some positive odd integer m <2k. 

For the statement of the next corollary we make further non-degeneracy assumptions about the 
shape of A. We omit the cases these assumptions rule out only for the sake of brevity; the results 
of are the same general type. 
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Corollary 2.6. With the notation of the preceding corollary, assume that A has removable boxes 
bi and 62 such that ct(6i) > ct(62) > Cmin, and with no other removable box of content larger than 
ct(62)- The set of parameters (co,do) such that cq > and Lc{X,^) is diagonalizable is the union 
of the following sets: 

(a) The set of parameters {co,do) satisfying the inequalities 

Co < — and do - di + 2cmaxCo < 1, 

Cmax Cmiti + i 

(b) for each positive integer I with ct(6i) — c^mn Cmax ~ Cmin "I" 1; the points (cq, do) such 
that Cq = l/l and 

do - di+ 2CmaxC0 < 1, 

(c) for each positive integer I with ct(6i) < / < Cmax, the points {co,do) with 

do — di + 2lco = 1 and cq < 



(d) the points (co,do) such that do — di + 2ct(6i)co = 1 and such that either 

1 1 

Co < —TT-^ T-r or Co 



Ct(63) - Cmin + 1 I- Cmin + 1 

for an integer I satisfying ct(62) < I < ct(63), where 63 is the box in the right rim of X with 
maximal content subject to ct(53) < ct(6i). See the figure below. 

































b3 


















b2 



3. The trigonometric presentation of H 

Here we give another presentation of H which is adapted to the apphcation of intertwining 
operators to the classification of diagonalizable modules in the next section. 

3.1. The afRne Weyl semigroup. Let W>o = ^>o ^ Sn- It contains the elements si,. . . ,Sn-i 
and $ = e„s„_i • • • S2S1, so that si, . . . , s„_i satisfy the usual Coxeter relations, and interact with 
$ via the relations 

(3.1) $Sj = for 2 < i < n - 1 and = s„_i^>^. 

In fact, the abstract semigroup with generators and <I>, together with the Coxeter 

relations and (j3.ip is isomorphic to W>o, as we now sketch. 

Letting G be this semigroup, it follows that there is a map G W>o and thus that si, . . . , Sn-i 
generate a copy of Sn inside G. Define e„ = <I>si • • • s„_i. The relations in ()3.ip imply that 
SiCn = enSi for 1 < i < n — 2, and therefore we may unambiguously define = wenW~^ for each 
1 < i < n — 1 and any w & Sn with w{n) = i. It follows from this definition that uj€iW~^ = e^^,(j) 
for all 1 < i < n and w € Sn- Again using ()3.ip . a direct calculation shows that e^ei = eie^, and 
hence for all 1 < i 7^ j < n choosing w £ Sn with w{l) = i and w{n) = j gives eiej = weienW^^ = 
wen^iw"^ = EjEi. It follows from this that there is a map Ty>o — > G inverse to the previous one. 
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3.2. The Dunkl-Opdam subalgebra. The Dunkl-Opdam subalgebra t of -?/ is the (commutative, 
as proved in |DuOp| ) subalgebra of H generated by zi, . . . , z„ and Ci, ■ ■ ■ ,Cn- By the PBW theorem 
it is isomorphic to the polynomial ring in the variables zi, . . . ,Zn tensored with the group algebra 
of {Z/rZy^. Define an automorphism of t by 

(3.2) <PiQ) = C,+i forl<i<n-land ,/.((„)= C'Ci 
and 

r-1 

(3.3) (pi^i) = ^i+i for 1 < i < n — 1 and (j){zn) = zi + 1 — ^^(dj_i — dj-2)eij- 

j=0 

Put ^> 

— XnSn—i ■ ■ ■ -Si and ^ — yi^i • • • Sji—i- By Proposition 4.3 and Lemma 5.3 of [Gri2] . 

(3.4) /$ = cD0(/) and = ^^>ct)-\f) 
for all / € t, and 

(3.5) ZiSj = SjZi if j ^ i,i + 1, while ZiSi = SiZi+i — cq-ki for 1 < z < n — 1, 
where 

r-1 
1=0 

Thus (as observed in [Dezl] and |Dez2j ) the subalgebra Hgj. of H generated by t and W = G{r, 1, n) 
is isomorphic to the generalized graded afhne Hecke algebra for G(r, l,n) defined in |RaSh| . The 
structure of an ffgi-module may be put on a vector space by definining an action of t together with 
operators Sj satisfying the Coxeter relations together with p.5p and wQ = Cw{i}'w fo^ w & Sn 
and 1 < i < n. 

3.3. The trigonometric presentation. H contains the commutative subalgebra t, elements 
and si, . . . , Sn-i- These satisfy the following relations: (1) t and si, . . . , Sn-i generate a graded 

affine Hecke algebra Hg^ for the group G{r, 1, n) inside H, (2) <I> and si, . . . , s„_i generate an affine 
Weyl semigroup inside H, (3) and si, . . . , Sn-i generate an affine Weyl semigroup inside H with 
relations 

(3.6) ^Si = Si+i^ for 1 < i < n - 2 and ^'^Sn-i = si^'^, 
and the following relations hold: 

(3.7) Q<^ = ^cf>{Q), 0^ = ^,/.-i(C.), 

r-1 

(3.8) ^<^ = zi, = Zn-K + J2i'^J-dj-i)enj, and ^s„_i«> = ^si^- + cq ^ Ck[Cn^- 

j=0 0<l<r-l 

In fact, this constitutes a presentation for H, as we will see in the remainder of this section. 
Constructing an //-module may therefore be done as follows: construct an //gr-module together 
with operators ^ and ^ satisfying the relations p.ip . (|3.6p . ()3.7p . and ()3.8p . 

Theorem 3.1. Let A be the algebra generated by Hg^ together with elements <I> and ^ satisfying 
(j3.ip . ()3.6p . ()3.7p . and ()3.8p . The natural map A ^ H is an isomorphism. 

Proof. Define elements Xn,yi G A hy Xn = ^si ■ ■ ■ Sn-i and yi = "^Sn-i • • • si. Then put Xi = 
wXnW~^ and yi = vyiv~^ where w,v G Sn are chosen with w{n) = i = v{l). The various Xj's com- 
mute with one another by the discussion in 13. 11 and by symmetry the y^'s commute. Furthermore, 
the algebra A is generated by the group W together with xi, . . . ,Xn and yi, . . . , y„. We will show 
that it is spanned by the set of all words x"^ • • • x^^y^^ ■ ■ ■ y^w with Oj, 6j € Z>o and w G W. From 
this together with the PBW theorem for H it will follow that the natural map from A to H is an 
isomorphism. 
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It suffices to show that the span of the set of words as above is closed under left multiplication 
by Xj's, yi's, and w's. This is clear for Xj's and easy for w's. We will show how to reorder a product 
i/iXj. First observe that by the definitions of xi,yi and the relation ^<I> = zi, 

UiXi = ^'<I> = zi. 

By using the graded Hecke algebra relations between Zi and Si it follows by induction on i that 

= HiXi + Gi for some G CW . 

In particular 

(3.9) VnXn +an = Zn = ^'^ + K- '^{dj - dj-i)enj = XnVn + K - ^^{dj - (ij_i)e„j. 

This proves that UnXn = XnVn + for some 6„ G CW . Conjugating by some w G Sn with w{n) = i 
gives UiXi = XiUi + hi for some hi € CW . Using the last relation in (13. 8|) . the relations (I3.1D 
and (I3.6P and the definitions of yi = ^Sn-i ■ ■ ■ si and x„ = $si • • • allows one to rewrite 
yiXn = XnVi + hin for some bin € CVK, and conjugating by w € 5„ with = i and t(;(n) = j 
gives yiXj = xjyi + bij for some bij G CH^, finishing the proof. 

□ 

4. Specht-valued Jack polynomials 

For n,!^ & ^>0' write ijl> v\i either ^+ >rf where /x+ and vj^ are the partition rearrangements 
of ji and and >d denotes dominance order, or /x+ = i/+ and > Wy in Bruhat order. Extend 
this to a partial order on pairs (/x, T) by ignoring T: thus (/U, T) > (z/, 5) exactly if /u > z^. The 
following is Theorem 5.1 of |Gri2] : the polynomials it constructs are -valued generalizations of 
non-symmetric Jack polynomials. 

Theorem 4.1. Let A he an r-partition of n, /u G ^>o; ^''^d let T he a standard tableau on A. Put 
v!^ = wJ^^.vt and recall the definitions of (3 and ct given in \2.10[ 

(a) The action of Qi and Zi on A(A*) are given by 

and 

Zi.xf'vl^ = [fii + l- {d(s(T-^w^{i))) - f^/3{T-i(i«MW))-M.-i) ~ corct{T'^{Wf,{i)))) x^f^ 

{u,S)<{ti,T) 

(b) Assuming that scalars are extended to F = C{co,di,d2, ■ ■ ■ ,dr-i), for each n G Z"q and 
T G SYT{X) there exists a unique t eigenvector f^^x S ^C-^*) such that 

f^l,T = x^Vj, + lower terms. 

The i-eigenvalue of f^^T is determined by the formulas in part (a). 

We will also index these non-symmetric Jack polynomials /p,q, with (P, Q) G F as in 12.131 

4.1. Intertwiners. The intertwiners cTj are defined, for 1 < « < n — 1, by 

(4.1) (jj = Si H — TTj. 

Zi — Zi^i 

Thus (Tj is well-defined on any t-weight space on which vTj acts by or on which Zi and Zi^i have 
distinct eigenvalues. 

For convenience, we reproduce here Lemma 5.3 of [Gri2] . which describes how the intertwiners 
act on the basis f^^T of A (A*). For fi £ Z"^ define 

(4.2) (/)(/ii, . . . ,/x„) = (;U2,/X3, . . . + 1) and ip{fii, . . . , Hn) = (p'^ifJ-i, ■ ■ ■ , fJ'n)- 
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Lemma 4.2. Let ji € and let T he a standard Young tableau on A. 
then 



(a) Suppose m ^ m+i. If ^ < /Xj+i or m - /ij+i 7^ /3(r i(tt;^(f))) - /3(r ^^^^(^ + 1))) ^od r 



CTi-flJ^T — fsi.fj.,T- 

(h) If iii> iii+i and Hi- ^ii+i = P{T-^{w^{i))) - fi{T-^{Wfj,{i + l))) mod r then 

_ {6 - rco){6 + rco) 

O'i-Jfj.^T — p Jsifj.,T, 

where 

6 = K{Hi - /ii+i) - {dp(T-i{w^(i))) - di3(T--^(nj^(i+i)))) " CQr (ci(r"^ (w^ (i) )) - ct{T-^{w^{i + 1)))). 
(c) Put j = w^{i). If Hi = l^i+i then 

if Sj-i.T is not a standard tableau, 



( 1 

1 ~ ctmi-i))-ct{T{i)) ffi,Sj.i.T else. 



(^i-ft^,T = { 

[ct(T(j-l))-ct(T(j)) 

(d) For all fi G Z^g, 

^■fli,T = f<j,.ii,T- 

(e) For all /i G Z^q, 

[kHu - {df3{T-^{w^{n))) - d/3(T-l(«;^{n)))-M„) " rct{T~'^{w^{n)))cQ) f^,^^T if Hn > 0, 

if Hn = 0. 

5. DiAGONALIZABILITY 



5.1. Weight spaces. Fix an r-partition A* and let F = Z>o x SYT(A*) (via the bijection of 12.131 
this is the same F as defined there). Given c = {co,do, . . . , dr-i) G {fi, T) G F and 1 < i < n, 

write wtc{H,T)i for the pair 

(5.1) wt,{H,n = (m* + 1 - (^^/3(T-i«,,W) - d0(^T-^^^i^))-^.,-l) - rct(r-iu;^(0)co,C''(^""'*('»-^0 

Then define {h, T) to be c-folded (or simply folded when c is fixed or clear from context) if 
wtc(^,T)j = wtc(/i,T)j^i for some 1 < i < n — 1. Foldings create non-trivial Jordan blocks: 

Lemma 5.1. Suppose that wtc(/i,T)j = wtc(/i,r)j+i and write a = wtc(^,r)j. Put fi = f^^x and 
/2 = Sifi. If Zifi = afi = Zi+ifi, then {zi - a)f2 = -rc^fi and (zj+i - a)/2 = rco/i- 



Proof. Apply (133]). □ 
As in |Gri2) . for a box 6 G A* and a positive integer k define a set 

(5.2) Fb,fc = {(/u,r) GF I > A;}, 

and for an ordered pair of distinct boxes 6i, 62 G F and a positive integer k G Z>o, define the subset 
^bi,b2,k of F by 

J- bi,b2,k 

^ either HT^b^) " ^T(fe2) > ^ 

(5.3) or HT(bi) - ^T(fe2) = ^ ^'^^ < ^^mH^(^2)). 

Via the bijection with pairs {P, Q) as above, these definitions become somewhat easier on the eyes: 

(5.4) Tb,k = {{P,Q)\Q{h)>k} 
and 

(5.5) = {{P. Q) I Q{hi) - Q{h2) > k, or Q(6i) - Q{b2) = k and P(6i) < ^(62) 
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For a given parameter c, define the set Tc QT hy 

(5.6) re = nn,fcn n r^^,,,,„ 

b,k bi,b2,k 

where for a subset X C r we write X'^ for its complement, the first intersection runs over pairs 
b £ X* and k € Z>o such that 

k = - d/3(b)„fc + rct(6)co 

and the second intersection runs over triples bi, &2 A*, € Z>o such that = /3(6i) — /3{b2) mod r 
and 

^ = t^/iiCfei) - df}(b2) + r{ct{bi) - ct(62) ± l)co. 
The motivation for the definition is that the set Tc contains exactly those {fi, T) such that /^^^^ may 
be constructed from some vt S S^' by applying a sequence of invertible intertwining operators; 
this is a consequence of Lemma 7.4 of |Gri2j . 

The definition of Tc may be rephrased in terms of pairs {P, Q) as follows: a pair (P, Q) is in Tc 
if and only if the following conditions hold: 

(a) whenever 6 € A* and k G Z>o with A; = c?/3(b) — dp{p-^_k + ?'ct(6)co we have < k, and 

(b) whenever 61,62 £ A* and G Z>o with /3(6i) — /3(62) = k mod r and k = — c?^(b2) + 
r(ct(6i) — ct(62) i l)co we have (3(6i) < (5(62) + A;, with equality implying P{bi) > P{b2)- 

The boundary of Fc is 

(5.7) dTc = {(/i, T) E F - Fc I (V'-/^, T) G Fc or (si./i, T) G Fc for some l<i<n}. 

Lemma 5.2. Assume cq 7^ 0. 

('aj Suppose (fJ-jT) G Fc anc? (i^, 5") G F with wtc{iJ,,T) = wtc{i^,S). Then {i^,S) = {fJ.,T). 

(b) For all {fJ.,T) G Fc and 1 < i < n — 1, we have wtc(/^,T)j 7^ wtc(//, r)j+i. 

(c) The non-symmetric generalized Jack polynomials f^^x for {^i,T) G Fc U dTc are all well- 
defined at c. 

(d) If (^,T) G dTc is folded then Lc{\*) is not t-diagonalizable. 

Proof. The definition of Fc and Lemma 7.4 of |Gri2j together imply that the intertwiners connecting 
different t-weight spaces indexed by Fc are all invertible; it follows that every such weight space has 
the same dimension. Since the weight spaces in degree (coming from ) are all one dimensional 
(here we use cq 7^ 0), this proves (a). Part (b) follows from (a) together with Lemma |5. 11 By part 
(b) the intertwining operators are well-defined on all weight spaces coming from Fc; this allows one 
to recursively construct all Jack polynomials coming from Fc U dTc recursively, proving (c). 

Now we prove (d). Suppose (fJ-^T) G dTc is folded and let /i = /^,t- If wtc(^, r)j = wtc(jU,r)i+i 
then part (b) implies Zif = af = Zi+if for some a G C, and by Lemma [5T] fr> = Sj/i witnesses 
a non-trivial Jordan block for t: (zj — a)f2 = —rcofi = — (^^j+i — a)/2- We will show that the 
image of /2 in Lc{X*) is non-zero. By (b) we must have either (sj_i/i, T) G Fc or (sj+i/x, T) G Fc or 

(V'/z,r) GFc. 

Suppose that {ipfJ-, T) G Fc. It follows that the map ^I' is not an injection on the weight space 
for (//,T), and hence by the second equation in (13. 8p the Zri-eigenvalue on (/x, T) is given by a = 
1 — {dp^ — df^.-i) where Cnffi,T = C^^ fti,T- Compute using (13. 8p and Lemma [5TT] 

r-l 

^*/2 = {Zn-l-^ "^(.dj - dj^i)enj)f2 = {Zn " a)/2 = rcofi- 
j=0 



This equation implies that ^^72 = af^^^^^j--^ for some o G and since the image of f(tpfi,T) Lc[X*) 
is non-zero, so is the image of /2. □ 
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Now we can given our first (not completely explicit) description of the diagonalizable Lc(A*)'s. 
When Co = the modules Ac(A*) are all diagonalizable (but with weight spaces of dimension 
greater than 1), so the following theorem finishes the classification. 

Theorem 5.3. Suppose cq 7^ 0. The module Lc{\*) is diagonalizable exactly if no element of dV^ 
is folded; in this case a basis is given by {ffj.^T \ {l^-,T) G Fc}. 

Proof. Given Lemma 15.21 it remains to show that if no element of dTc is folded then Lc{\*) is 
diagonalizable with the given basis. Let V be the abstract C-vector space with basis given by 
{ffi,T I il^iT) S Fc}, and define actions of t, ui, . . . ,(Tn_i, and ^ on y as follows: the t-action 
has f^^T as eigenfunctions with eigenvalues given by Theorem 14. H and the action of cij, and 
^ is given by the formulas in Lemma 14.21 with the following exceptions: if (sj^u, T) ^ Fc then we 
put Oiff^^T = and if T) ^ Fc then we put ^ffi,T = 0. Without using the hypothesis that no 
element of dVc is folded, it follows from these definitions that the Ci's satisfy the braid relations, 
that 

2 {Zi - Zi+l - CoTTi){Zi - Zi+l + CQTTi) 



^'•'^ iz.-z,^,y 

that 

(5.9) /(jj = aiSi{f) for 1 < 2 < n — 1 and / S t, 
that 

(5.10) (^Ui = cri_i<I> for 2 < i < n - 1 and <I)^cri = cr„_i<I>^, 
that 

(5.11) ^'o-j = CTj+i^' for 1 < z < n - 2 and = si^'^, 
that 

(5.12) = $0(/) and = ^-0"^/) for / G t 
and that 

r-l 

(5.13) = Zl, ^>^' = z„ - K + ^(dj - dj-i)enj, and ^an-i^ = ^ai^. 

j=0 

Indeed, these formulas hold by Lemma 14.21 when applied to those /^^t for which the result stays in 
Fc at each stage; some care must be taken near the boundary, as we indicate next. 

We will sketch a check of the relation ^Cn-i^ = ^cri^ here; the others involve similar reasoning. 
Suppose first that ^fp^Q = 0, that is, i?5>(P, Q) ^ Fc. By definition of Fc and (/>, there is a box b with 
Q{b) = k-l, P{b) = i and such that if Q'{b) > k for some (P', Q') E F then (P', Q') ^ Fc. Now 
observe that (^siiljiyP^Q) = {P',Q') with Q'{b) = k and hence {P',Q') ^ Fc, so both operators act 
by zero on fp^Q. 

If (j){P, Q) G Fc but s„_i0(P, Q) i Fc, then writing (P', Q') = (piP, Q), setting bi = P'-\n) and 
62 = P'~^{n — 1) we have Q'ibi) = Q'{b2) + k for some positive integer k, k = I3{bi) — /3(62) mod r, 
such that if (PcQo) G F with Qo(^i) > <9o(&2) + k, or Qo(&i) = <5o(^2) + k and Po(6i) < Po(62), 
then (Po,(5o) ^ Fc. It follows from this that siip{P,Q) ^ Fc, so again both operators act by zero 
on /p,Q. The other cases are handled in a similar fashion. 

Now define the action of si, . . . , Sn-i on V by the formula 

(5.14) Si = ai — TTj. 

Zi - Zi+l 

This makes sense by part (b) of Lemma l5.2i Using Theorem 13.11 we must check that the Sj's and 
t satisfy the graded Hecke relations. The relations (j3.5p follow from the definition (|5.14p and the 
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relations ()5.9p . The fact that = 1 follows from ()5.14p and (15.81) . The fact that the braid relations 
are satisfied will be the first place the hypothesis that dTc contains no folds is used. Compute: 

Co \ f CO \ f Co 

SiSi+lSi = \ai TTi a-i+l TTj+i (Tj TTj 

Zi — / V ^i+1 — / V Zi — 

1 2 1 1 

Zi — Zi^i Zi — Zj_|_2 Zij^i — Zi^2 

2 1 2 1 

+ CoC^iT TT rVTiVTj+i + CqUi+i- r- rVFj i+27ri+i 

{Zi+i - Zi+2)[Zi - Zi+l) [Zi - Zi+2){Zi - Zi+i) 

2 1 3 1 

[Zi+l - Zi){Zi - Zi+2) [Zi - Zi+lY[Zi+i - Zi+2) 

This preceding calculation was formal, but the hypothesis that no element of dVc is folded is 
exactly what is needed to ensure that the right-hand side of the above equation is well-defined 
when applied to f^^T for all (/i, T) G T^- Routine arithmetic verifies that it is the same as the 
corresponding expression for Sj+iSjSj+i. This verifies that we have the structure of an Hgr-module 
on V . 

Verification of the relations (13. ip . (13. 6j) . and the last equation in (13. 8j) is exactly analogous, again 
using the hypothesis that no element of dVc is folded: for instance, one computes 

(5.15) ^Sn^l^ = ^ ( CJ„_i ^ ■Kn-l,n] $ = ^^71^ - ^^(f) ( ^ ^n-1 - 

\ Zn—l Zy^ J \Z^^\ Zyi 

= «>Si* - «>*0-l ( 7ri,2 ) - ^$<^ ( Tln-l,n 

\Zl-Z2 J \Zn-l-Zn 

The hypothesis that there are no folded elements of dV^ implies that this last expression makes 
sense when applied to any fp q for (P, Q) S Fc, and a straightforward calculation shows that it is 
equivalent to the last relation in (13. Sp . □ 



6. Combinatorics of folds 

6.1. Near folds. We first obtain some limitations on the types of folds that can occur in dVc- 
First, we switch from now on to the {P,Q) notation for elements of T, and we define a near fold 
to be an element {P,Q) € Tc such that (j)[P,Q) or Si{P,Q) is folded for some 1 < i < n — 1 
(by Lemma 15.21 this fold is then in the boundary dTc)- Here we define Si{P,Q) = {siP,Q), and 
(/>(P,Q) = (P',g') with 



(6.1) P'ib) 
and 

(6.2) Q'ib) 




1 if P{b) > 1, and 
ifP(6) = l, 



Q[b) if P[b) > 1, and 

Q[b) + 1 ifP(6) = l. 



These definitions are compatible with the corresponding ones for the (fi, T) notation via the bijection 
of [2T3l 

The upper rim of a partition A is the set of boxes 6 G A such that there is no box immediately 
above b. The upper rim of an r-partition A* is the union of the upper rims of its components A^ 
The left rim of a partition (resp. multipartition) is defined analogously as the set of boxes with no 
box immediately to the left. 
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Lemma 6.1. {P, Q) (zTc is a near fold if and only if there is a positive integer k and boxes 61, 62 £ 
A* such that bi is a removable box, 62 is on the upper rim or left rim of X* , k = — /3(&2) mod r, 

k = d/^ibi) - dp{b2) + r{ci{bi) - ct(62))co, 

and either 

(a) ct(62) = (so 62 is the upper left hand corner o/A^(''2) = ^(5^) = 0, P{bi) = 1, 
and P{b2) = n, or 

(b) ct(62) 7^ and there are a E Z>o and a box 63 < 62 adjacent to 62 with ct(63) = ct(62) ± 1 
with Q{bi) = a + k, Q{b2) = a = Q{hz), P{bi) = i + l, ^(62) = i-l, and P^bs) = i for 
some 2 < i < n — 1. 

Proof. First, if (a) holds then 0(P, Q) is folded, and if (b) holds then Sj(P, Q) is folded. This follows 
from the formula given in 12.131 for the t-eigenvalue of /p,q, together with the formulas for (j){P, Q) 
and Si{P,Q) given above. 

For the converse, assume first that Si{P,Q) = {siP,Q) is folded for some {P,Q) € Fc and 
1 < i < n — 1. We will show that in this case we are in situation (b) of the lemma. It follows from 
our assumption that either 

Q{P-Hi)) - Q{P-Hi + 2)) = d/3(p-iW) - ^^/3(P-i(i+2)) + r{ci{p-\i)) - ci{p-\i + 2)))co 

with Q{p-^{i))-Q{P~'^{i + 2)) = f3{P~'^{i))-(3{P~'^{i + 2)) mod r, or that the analogous equations, 
replacing i and i+2 by i— 1 and i+1, hold. In any case there are boxes 61, 62 £ A* and a non-negative 
integer k with 

(6.3) k = dpQ,^) - (i^(b2) + r(ct(6i) - ct(62))co, 

A: = /3(6i) - /3(62) mod r, Q{bi) - Q{b2) = k, and - ^(62)! = 2. 

First observe that A; > since otherwise Q{bi) = Q{b2), /3(6i) = f3{b2), and ct(6i) = ct(62) 
contradicts |P(6i) - P{b2)\ = 2. Since {P,Q) € F^, implies ct(62) / 0. If 62 is not on the 

upper or left rim of A*, there are two boxes 63,64 < 62 with ct(63) = ct(62) ± 1 and ct(64) = 
ct(62) ± 1. Now dOl) together with (P, Q) G Fc implies that (5(63) = ^(62) = (5(64) and that 
P(6i) > P(63),P(64) > ^(62), contradicting |P(6i) - P(62)| = 2. On the other hand, since 
ct(62) ^ there is always at least one box 63 as above, so we have P(6i) = Pib^) + 1 = P(62) + 2. 

If 61 is not a removable box, then there is a box 6 > 61 such that ct(6) = ct(6i) it 1, and (16. 3p 
once more implies Q{b) = Q(6i) and hence P(6i) > P(6) > P(62), which contradicts P(6i) = 
P(63) + 1 = P(62) + 2. 

Now assume (/'(P, Q) is folded for some (P, Q) G Fc- Then 

Q{P-\l)) + 1 - Q{P-Hn)) = a!/3(p-i(i)) - d/3(p-i(n)) + r(ct(p-i(l)) - ct(p-i(n))co 

and 

Q(P"i(l)) + 1 - Q{P~\n)) = /3(P~^(1)) - P{P"\n)) mod r. 
Assume first that Q{p-\l)) + 1 - Q{p-\n)) < and let k = Q{p-\n)) - Q{P^\l)) - 1, 
61 = P~^(n) and 62 = P~^(l). If 62 is the upper left hand corner of A'^'^^^^ then ct(62) = and the 
equations 

A: = - + r-ct(6i)co and A; = /3(6i) - /3(62) mod r 

together with (P, Q) G Fc force Q{bi) < k = Q{bi) — (5(62) — 1, contradiction. Thus 62 is not the 
upper left-hand corner of A^^''^^ and hence there is a box 63 < 62 with ct(63) = ct(62) ± 1. Now 

k = dis(^bi) - d[s(^b3) + rict{bi) - cti^bs) ±l)co and A; = /3(6i) - /3(63) mod r 

together with (P,Q) G F^ imply that Q(6i) - Q(63) <k = Q(6i) - ^(62) - 1 < Q(6i) - ^(63) - 1, 
contradiction. Therefore Q(P~i(n)) - Q{P-^{1)) - 1 > 0. 

Let k = Q{P-\1)) + 1 - Q{P-\n)), 61 = p-^{n) and 62 = P'^{1). Then A: > 0. 
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If A: = then = /^(fea), Qih) = ^(62) + 1, ct(6i) = ct(&2) and Q{bi) = Q{b2) - 1 implying 

61 < 62- But since P{bi) = 1 there can be no box b > bi with Q{b) = Q{bi) and hkewise since 
P{^2) = n there can be no box 6 < 62 with Q{b) = Q{b2), contradiction. 

Therefore k > 0, and the equations 

k = (1/3(^1,^) - di3(^h^) + r{ct{bi) - ct{b2))co and A; = - /3(62) mod r 

together with {P,Q) € Fc, P{bi) = 1 and ^(62) = n imply that there is no box b with 6 > 61 or 
b < b2, and hence also that Q{bi) = k — 1. This proves that we are in case (a) of the lemma. □ 

6.2. Proof of Theorem 12. IL Thanks to Theorem \5.3\ the Theorem 12.11 is a consequence of the 
following: 

Theorem 6.2. Assume cq 7^ 0. The module Lc{X*) is diagonalizable if and only if for every 
removable box 6 G A*, either kc{b) = 00 or lc{b) < kc{b). 

Proof. For convenience, we define a statistic l'^{b) similar to lc{b) (as in l2.14D . but without restricting 
to outside addable boxes: more precisely, l'^{b) is the smallest integer / such that either there exists 
a box b' G A'^(^)-' with 

^ = dp(b) - dp{b)-i + ?'(ct(6) - ct(6') ± l)co 

or 

I = dm - dp(b)-i + rct{b)co. 
We will prove the theorem first replacing lc{b) with I'db)] it is easy to see that the theorem follows 
from this. 

Suppose first that there is a removable box bi G A* with kc{bi) < 00 and kc{bi) < I'dbi) and 
write k = kc{bi). Then there is 62 in the upper or left rim of A'^^^i)"^' with 

k = dpip^) - dpp^) + r(ct(6i) - ct(62))co. 

If 62 is the upper left-hand corner of A'^'^^^^"'^' then set Q{bi) = k — 1 and Q{b) = for all other 
6 G A*, and put P{bi) = 1, ^(62) = n and then complete P to a reverse standard Young tableau on 
A*. It follows from the assumption kc{bi) < I'dbi) that all the inequalities necessary for (P, Q) G Fc 
are satisfied, and therefore {P,Q) is a near fold in Fc so Lc{X*) is not diagonalizable. 

If ct(62) 7^ 0, then we define Q{bi) = k and Q{b) = for all other b G A*. We now define P for 
which {P,Q) G Fc: let 63 be the box with 63 < 62 and ct(63) = ct(62) i 1, let i be maximal so that 
there exists a reverse standard Young tableau T on A* with T(62) = i, and define P{bi) = i + 1, 
P{b2) = i — 1, P{b-i) = i and then complete P to a reverse standard Young tableau on A* — {b}. It 
is then straightforward to check that (P, Q) G Fc is a near fold so that Lc(A*) is not diagonalizable. 

Conversely, suppose that I'^b) < kc{b) for all corner boxes b such that k{b) < 00. By Theorem l5.3l 
it suffices to show that there are no near folds in Fc. Suppose towards a contradiction that (P, Q) G 
Fc is a near fold. By Lemma |6 . 1 1 there is a corner box bi G A*, an integer k G Z>o, and a box 62 in 
the upper or left rim of A'^'-^^^"'^ with 

^ = di3{bi) - dp(b2) + r{ci{bi) - ct(62))co, 
and one of the following holds: 

(a) The box 62 is the upper left-hand corner of A'^(^i)"'^', andQ(6i) = k-l, Q{b2) = 0, P(6i) = 1, 
and P{b2) = n, or 

(b) there is a box 63 < 62 with ct(63) = b2 ± 1 and so that Q{bi) = (5(^2) + k = (5(63) -|- k and 
P(6i) = P(63) + l = P(62) + 2. 

Assume that case (b) holds; (a) is similar. 

By hypothesis there is some integer < I < k such that either / = — (i^(f,^)_i -|- rct(6i)co 

(in which case (P, Q) ^ Fc) or so that there is a box 64 G A'^^*^)"' with 

^ = c?/3{6i) - f^/3(fe4) + r{ct{bi) - ct(64) ± l)co 
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in which case also 

<k-l = df}(^h4) - di3(b2) + r{ct{b4) - ct(62) ± l)co 
and k — I = fi{h/{) — /3(62) mod r, implying that 

(1) Q{bi) < Qibi) + / with equality implying P{bi) > P{bi) and 

(2) Q{bi) < Q{b2) + k-l with equality implying P{bi) > ^(62)- 

Observe first that if 64 = 63 then the requirement Q{bi) < (5(64) + I < Q{bi) + k precludes 
{P,Q) G Tc- Thus 64 7^ 63. On the other hand, combining (1) and (2) above shows that Q{bi) < 
(5(62) + k with equality implying P{bi) > ^(64) > P{b2), and this contradicts -P(6i) = Pibs) + 1 = 
P(62) + 2. □ 

7. Proof of Theorem 12.41 

7.1. The same argument as in the appendix of |EtSt| shows that Lc(A*) is unitary exactly if it is 
diagonalizable and for all {P, Q) G Tc we have 

(7.1) Q{P-\l)) + 1 > d/3(P-i(i)) - d/3(p-i(i))-Q(p-i(i))-i + rct(p-i(l))co 

and if 1 < i < n - 1 with Q{P'^{i)) - Q{P-^{i + 1)) = /3(P~i(i)) - l3{P~^{i + 1)) mod r then 
setting 61 = P"^(i) and 62 = P^H^ + 1) 

(7.2) (Q(6i) - Q(62) - (d^ib,) - dp^b,)) - r(ct(5i) - ct(62))co)' > {rcof . 
Assuming cq > the last condition may be rephrased: Lc(A*) is not unitary if 

(7.3) dp^^b^) - d^(b2)+r(ct(6i) - ct(62) - l)co < Qipi) - Q{b2) 

< {di3{bi) - df3{b2)) + r{ct{bi) - ct(62) + l)co 
for some (P, Q) e T^ with P{bi) = i, P{b2) = i + l, and Q{bi) - Q{b2) = /3(6i) - /3(62) mod r. 

7.2. We suppose first that cq > and that Lc(A*) is diagonalizable but that either 

(a) there exists a pair (61, 62) of boxes of A* such that, writing i = /3(6i) and j = P(b2), we have 

di - dj + r(ct(&i) - ct(&2) + l)co > rrijj > di - dj + r(ct(6i) - ct(62) - l)co 

and there does not exist a blocking sequence for (61, &2)> or 

(b) there exists a pair (6, j) consisting of a box 6 G A' and < j < r — 1 such that 

di — dj + ret (6) Co > rriij 

and there does not exist a blocking sequence for (6, j). 
In the next subsection we will construct certain pairs (P, Q) that will violate unitarity. 

7.3. Construction of unitarity-preventing (P, (5)'s. Suppose that (61, 62) is a pair of boxes for 
which there is no blocking sequence and put i = /3(6i) and j = /3(62). We will construct (P, Q) G Tc 
with Q{bi) = rriij, (5(62) = 0, P{bi) = a + 1, and P(62) = a for some 1 < a < n — 1: 

For each b > bi set (5(6) = rriij, and for each 6 < 62 set Q(6) = (note that 61,62 would be 
a blocking sequence if 61 < 62, so this first step is compatible with our aim). Define P(6) for all 
6 > 61 and all 6 < 62 in such a way that P is decreasing on these posets, and furthermore so that 
the set of numbers P(6) thus defined is equal to the set {d,d + 1, . . . ,n}, where n — d + 1 is the 
number of boxes 6 with 6 > 61 or 6 < 62 (this last condition will force P(6) < d when we define 
P(6) for the remaining boxes b of A*). 

Assuming we have defined Q and P on all boxes in 6 G A*~^, A*~^, . . . , A*"'^"'"^, we define them 
on A*~^ by induction, choosing the minimal 6 for which Q and P are not already defined. Choose 
P(6) maximal from among the unused numbers in {1, 2, . . . , n}. We choose Q(6) minimal subject 
to the conditions: 

(a) Q(6) > 0, 
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(b) Q{b) >Q{h') for all h' < b, and 

(c) for each box b' such that Q{b') and P{b') have already been defined, and for any positive 
integer / with / = — /3(6) mod r and 

I = di3(b') - dfs(b) + r(ct(6') - ct(6) ± l)co, 
we enforce Q{b') — Q{b) < I. 
The procedure evidently has the property if P and Q are defined on b after they are defined 
on b' then P{b) < P{b') (we regard the initial definitions for b > bi and b' < 62 as happening 
simultaneously). Furthermore, one proves by induction on k that for 1 < A; < rriij — 1 we have 
Q{b) < niij — k for all b G A*~'^, and that Q{b) = for all other b provided that b^bi. 

We check that {P,Q) € T first. Write X for the set of boxes of A which are > 61 or < 62- If 
b' < b are boxes of A* not in X, then we defined Q and P on b' before b, so that P{b') > P{b), and 
Q{b) < Q{b') by (a) above. If 6 G X then either b' < b < 62, in which case Q{b) = Q{b') = and 
P{b') > P{b) by construction, or 6 > 5i. If also b' > bi then by the first step in our construction 
we are done. Otherwise Q{b') < mij = Q{b), which implies that {P,Q) G T. The reasoning in case 
b' G X is similar. 

Now we check that (P, Q) G Tc- Let 6 G A* and / G Z>o such that 

di3{b) - dpib)^i + rct(6)co = I. 

We must check Q{b) < I. If 6 > 61 then bi,b is a blocking sequence unless I > rriij = Q{b). If 
Q{b) = then obviously Q{b) = < /, so now we may assume that Q{b) > 0. We choose b' < b 
minimal such that Q{b') = Q{b). By the procedure defining (P, Q), there is an equation of the form 

di3{b") - dpib') + r(ct(6") - ct(6') ± l)co = k 

for some positive integer k and some box b" G A'^*^^'-'^*' such that Q{b") = Q{b') + k. Repeating this 
reasoning with b" in place of b gives a blocking sequence if Q{b) > I. 
Likewise, if b, b' G A* with 

di3{b) - dpibi) + r(ct(6) - ct(6') ± l)co = / 

for a positive integer / with / = — (3{b') mod r, then the construction of {P,Q) implies that 
Q(b) — Q{b') < I, and that equality can only occur if I = b G A*~'^ and b' G A*~'^' 

with < k < k' < rriij. Furthermore, P{b) > P{b') unless b' < 62- So we may assume that 
Q{b) = Q{b') + n^(5{b),p{b') aiid that b' < 62 (hence Q{b) = "i-/3(6),/3(b'))- As before, we can now 
construct a blocking sequence that ends with b, 6', 62. 

An exactly analogous construction shows that if 6 G A* and < j < r — 1 are such that there is 
no blocking sequence, then there is (P, Q) G Tc such that Q{b) = rriij — 1 and P{b) = 1. 

7.4. For the converse, if (17. 3p holds then we certainly have 

rriij < d/Bi^bi) - dpib^) + r(ct(6i) - ct(62) + l)co, 
and if Co > then either we can find 63 < 62 with 

dpib^) - dp{b3) + r{ci{bi) - ci{b^) - l)co < ruij < df^^hi) - dpibz) + r{ci{bi) - ct(63) + l)co, 
or we have 

dp{bi) - dpib^) + rct(6i)co > rriij. 
In the first case a blocking sequence for (61, 63) may be modified to give one for (61, 62)1 and in the 
second case a blocking sequence for (6i,/3(62)) is one for (61,62)- In either case the existence of the 
blocking sequence combined with Lemma 17.11 below implies that (P, Q) satisfying (|7.3p cannot be 
in Tc. Likewise if (HH) fails for (P, Q) G F^ then with 6 = P-^l), « = /3(6), and j = /3{b) - Q{b) - 1 
we have 

rriij < di — dj + rct(6)co. 
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and hence there exists a blockmg sequence for (6, j), and Lemma [7.2l below imphes that (P, Q) ^ Tc- 

Lemma 7.1. If b £ A*, b' G A-', a blocking sequence for {b,b') exists, and {P,Q) G with 
Q{b) - Q(6') > ruij and P{b) = P{b') + 1, then Q{b) = Q{b') + niij and 



nii 



di - dj + r(ct(6) - ct(6') ± l)co. 



Hj — U.J uj 

Proof. Let {bo,bi, . . . ,b2q+i) be a blocking sequence. Since {P,Q) £ T, ior < k < q we have 
Q{b2k) < <3(b2fc+i) with equality implying that P(62fc) > -P(&2fc+i) unless 62A: = ^2fc+i- Since 
(P, Q) € Pc, for 1 < A; < g we have Q(62fc-i) < Q(fe2fc) + "i/3(62fe-i),/3{''2fc) '^i*'^ equality implying 
P(&2fe-i) > P{b2k)- Combining these inequalities, we have 

1 

Q{bo) < Q(62,+i) + Yl ™/3(b2fc-i),/3{b2fc) ^ Q(^2q+l) 

k=l 

with equality implying P{bo) > P(62g+i) + 1 where d is the number of distinct boxes that appear 
in the sequence bo,bi, . . . , b2q+i. Now according to the definition of blocking sequence, there are 
two cases: first, if 629+1 = b' , then since P{b) = P{b') + 1 we must have d = 2, whence bi = bo = b, 
b2 = b-s = b', and 

d^ibi) - dpip^) + r(ct(6i) - ct(62) ± l)co = ruij 
so we are done. Second, if there is a positive integer / with 

Q 

m^{b2,+i),i + Yl "^/3(b2fe-i),/3(fe2fc) ^ and df^{b2,+i) - dp{b2,+i)-i + ?-ct(62g+i)co = I, 

k=l 

then the preceding inequality combined with Q (6213+1) < ^ — 1 implies Q{b) < ruij, contradicting 
Qib)>Qib') + mij. □ 

Lemma 7.2. If b £ and 0<j<r — 1 is a pair for which a blocking sequence exists, and there 
is {P, Q) E Tc with Q{b) > niij — 1 and Pib) = 1 then we must have 

dp{b) - dj + rct(6)co = niij. 

Proof. If 6 = 60, 61, ... , 6213+1 is a blocking sequence then arguing as before we obtain 

A:=l fc=l 

with equality implying 1 = P{b) > P(62q+i) + d — 1, where d is the number of distinct boxes 
appearing in the sequence b^, 61, ... , 62^+1. It follows that d = 1, that g = 0, that 60 = 61, and that 

dp{bi) -di+ rct(6i)co = mu. 

But now we have ruij < mu since (P, Q) G Tc, and the opposite inequality follows from the definition 
of blocking sequence. Thus rriij = mu, whence / = j and we are done. □ 
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